Abstract-Dynamic pulse evolution characteristics of an actively mode-locked laser diode array in the external cavity have been investigated. Numerical calculations based on modified traveling-wave rate equations reproduce experimentally observed pulse and spectral width evolution and show that the buildup time is about 45 round-trips. We have also performed a theoretical analysis to understand which of the laser operating parameters would affect the buildup dynamics. It is shown that either higher dc bias current or larger radiative recombination coefficient (which is inversely proportional to the excited-state lifetime) will render the laser exhibiting shorter steady-state pulse width and faster evolution to the steady state. Other parameters affecting the buildup, but to a lesser extent, include the radio-frequency (RF) modulation current, spontaneous emission coefficient, and gain coefficient. The power reflectivities of the output mirror and the antireflection coated diode facet, on the other hand, have little effect on the pulse width and buildup time for single pulse generation.
I. INTRODUCTION ECENTLY, SEVERAL GROUPS have investigated the
R buildup dynamics of mode-locked laser systems as the laser output evolved from noise bursts to steady state picosecond and femtosecond pulses [ll-[6] . It is hoped that, through these studies, one can elucidate the pertinent pulse shaping mechanisms. The buildup times for different types of mode-locked lasers are found to be quite different: The colliding-pulse mode-locked (CPM) ring dye lasers evolves to the steady state in about 1300 to 1500 round-trips [l], [2] . The buildup time for a synchronously pumped R6G dye laser is ~8 0 0 round-trips [3] . For additive-pulse mode-locked (APM) or self-starting passively mode-locked Tisapphire lasers with intra-cavity saturable absorber, several tens of thousand round-trips are required [4] - [6] . The dynamics of AM mode-locked Ti:A1203 laser was analyzed theoretically by Reddy and Tatum [7] . Recently Ruan et al. [8] studied the pulse evolution in cw femtosecond Cr3+:LiSrA1Ftj lasers mode-locked with MQW saturable absorbers. They found that the pulse duration shortened rapidly within the first millisecond as the mode-locking mechanism developed the pulse train. Once mode-locked pulses were formed and the absorption Manuscript received October 21, 1992 ; revised October 7, 1994 . This work was supported in part by the National Science Council of the Republic of China under Grants NSCIO-0 417-Em-05, -17 and NSC81-0 417-E049-629, The authors are with the Institute of Electro-optical Engineering, National IEEE Log Number 9408596.
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was saturated, a further period of =SO0 ms is required for the laser to settle at its steady state wavelength although the pulse duration is already determined.
A number of authors have also investigated the pulse buildup dynamics of semiconductor lasers. Lau and co-workers [9] showed that the time constant for buildup in passively mode-locked monolithic quantum-well semiconductor lasers is on the order of 3.5 ns, or ~1 7 5 round-trips. This is significantly longer than the tum-on and turn-off time for comparable cw lasers. They also predict that, to decrease the pulse buildup time, the photon lifetime should be decreased and the gain, modulation of the gain and the ratio of the mode-locking frequency to the gain bandwidth should be increased. Experimentally, AuYeung et al. [lo] was the first to show that the buildup time for an actively mode-locked double-heterostructure GaAlAs laser was ~3 0 round-trips. The accuracy of their experimental results, however, was limited by the bandwidth of the detection system. The evolution process could not be resolved. In a numerical study, Demokan [ 11 ] estimated that the buildup time of an actively mode-locked AlGaAs-GaAs laser with one perfectly antireflection (ARjcoated facet would be ~1 5 0 round-trips. Later, Blixt and Krotkus [ 121 showed both theoretically and experimentally that an actively mode-locked InGaAsP buried-heterostructure laser diode in the extemal cavity reached its steady state in 40 to 50 round-trips. On the other hand, numerical calculations of Bowers et al. [ 131 yielded a relatively slow buildup time of 62 ns, or nearly a lo00 roundtrips for their short-extemal cavity actively mode-locked InGaAsP laser modulated at 16 GHz.
Broad area or phase-locked array of laser diodes generating impressively high output power are now commercially available. Active mode-locking of a laser diode array with linear [ 141 or ring [ 151 external cavities have also been reported. The pulses generated were 61 and 26-ps wide with peak powers of 1.1 W and 30 mW, respectively. Recently, we have presented detailed experimental data on both the temporal and spectral evolution of picosecond pulses generated by an actively modelocked laser diode array in an extemal cavity [ 161. During the first 40 ns after the laser onset, the pulse width shortened quickly and approached the steady state 45 ps pulse width in approximately 100 ns, or 45 roundtrips. Concurrently the number of clusters of the longitudinal-mode spectrum reduced and approached a steady-state spectral distribution with the pulse energy mainly distributed among a few clusters near the line center. In this paper, a simple model based on modified 0018-9197/95$04.00 0 1995 IEEE traveling-wave rate equations was developed which yielded output objective lens numerical results in good agreement with experimentally observed dynamic pulse evolution behavior of this laser. We have also investigated theoretically significant laser operating parameters affecting the buildup time. 
TRAVELING-WAVE RATE EQUATION ANALYSIS
The dynamics of phase-locked semiconductor laser arrays has been previously investigated by Wang and Winful [17] using time-dependent coupled mode theory. They found that the evolution of the total intensity emitted in a single pulse by a ten-stripe array resembled that of single-stripe semiconductor laser after a few nanoseconds. This implies that even though we have adopted a simplified theoretical model appropriate for a single-stripe laser in the following, it is expected to be valid for describing the evolution characteristics of a phaselocked laser-diode array, as long as we are looking at time intervals longer than a few nanoseconds after the laser onset, i.e., a couple of round-trips for our laser configuration (roundtrip time =2.309 ns). In view of excellent agreements of our calculation results with experimental observations, to be described in Section 111, the simplification is justified.
For our analysis, we consider the laser configuration as shown in Fig. 1 , which is identical to that of our experiment [16] . The laser diode array has a high-reflectivity (HR) coating of 95% on the back facet and an AR coating on the front facet. The output of the laser diode from the ARcoated facet was coupled through the optical components, e.g., the microscope-objective and cylindrical lens or gradedindex lens, to an extemal cavity which is terminated by an output mirror. Our theoretical approach is equivalent to that of Bowers et al. [13] and basically an extension of the time-domain model first introduced by Demokan [ l l ] . One modification is taking into account the finite reflectivity of the AR-coated diode facet. The residue reflectivity of the ARcoated facet of our laser, however, was fairly low (R Z 0.1 %).
Thus we can assume a random phase relationship between the reflected primary pulse from the AR-coated facet and the trailing pulse. The photon fluxes can thus be summed directly, i.e., the rate equations for the photon flux is expected to provide reasonably accurate results. Residue multiple reflections between the two facets of the chip, however, will cause the output spectrum of the actively mode-locked laser diode array exhibiting multiple clusters of longitudinal modes. For analysis of spectral evolution, we thus divide the laser output spectrum into 2 M + 1 clusters, where M is an integer.
Furthermore, the three dimensional problem is reduced to one dimensional after averaging over lateral coordinates. Since the steady-state pulse width for this laser is fairly long ( M 45 ps), we have neglected the self phase modulation (SPM) effect due to gain-saturation induced index changes in the active medium. Similarly, pulse broadening due to group velocity dispersion (GVD) is also neglected. It will be shown in Section 111 that the change in carrier density, A N is -3 x 10l6 cm-3 right after emission of the peak of the optical pulse in each modulation period (see Fig. 2 ). In comparison, Lowery when a 16 ps pulse passes through a laser diode amplifier. The difference is nonetheless plausible: In order to generate single-pulse output, the actively mode-locked laser diode must operate near threshold. If the laser pulse is relatively broad, gain-saturation and the associated spectral shift or chirping in the laser is not as substantial as that for amplifiers [19] . It is thus a good first approximation to neglect carrier or gain-saturation induced changes of index of refraction in our calculation, for the spectral shift or chirping of our laser is estimated to be small (a few GHz) compared to the FWHM of the pulse spectrum (see the inset of Fig. 3 (b), about 1 THz).
The resulting modified rate equation for the electron density
where z is the distance along the direction of light propagation; e is the electronic charge; d is the thickness of the active layer; B is the radiative recombination coefficient; NO is the electron density for transparency; S+(z, t); and S; (z, t) are the sum of forward and backward traveling photon densities of the longitudinal modes in the ith cluster; and Gi is the differential gain coefficient of the ith cluster. Auger and nonradiative recombinations are neglected because we have limited ourselves to investigations of GaAlAs-GaAs lasers in the present study. The injected current density waveform J ( t) is made up of a dc bias current density and an RF sinusoidal modulation signal. Its form is expressed as
where J d r and J , are the dc bias and modulation current densities, respectively; f is the RF modulation frequency. For the generation of the shortest mode-locked laser pulses, the modulation frequency should be detuned slightly lower than the frequency matched to the extemal-cavity round-trip time
The rate of change of forward and backward traveling WI.
photon fluxes of the ith cluster, S: and St:, are where r is the optical confinement factor; vug = c / n , n is the group refractive index of the laser medium; c is the velocity of light in air; and Ki is the fraction of spontaneous emission that is coupled into the two counter propagating photon fluxes of the ith cluster. The total intemal loss of the active region, "tot, is "tot = a f a r N + ascat + (1 -r)aca (4) where " f a is the free-carrier absorption coefficient within the active region; "scat is the coefficient of scattering loss at the interfaces of the heterostructure; and aca is the absorption coefficient of the cladding-layer.
As a first approximation and following previous workers [?I]. we assume the line shape factors for gain and spontaneous emission are Lorentzian with the same half width.
The individual longitudinal modes within the ith cluster of the spectral distribution are assumed to possess identical gain and spontaneous emission coefficients, G, and Ki respectively: and where XO is the central wavelength at which the gain and spontaneous<mission coefficients exhibit their maximum values of Go and KO, respectively; A; is the central wavelength of the ith cluster. and AAg is the half width of the gain lineshape. To solve the coupled rate equations, we specify the follow-
ing boundary conditions:
where Id is the length of laser diode; L is the length of the extemal resonator; R, is the power reflectivity of the ARcoated chip-facet; R is the power reflectivity of the output mirror; C, is the coupling efficiency of laser light from the extemal cavity back into the laser diode; and Text is the extemal-cavity round-trip time.
To investigate the pulse buildup dynamics of the actively mode-locked laser diode array, we solved equations ( 1 H 9 ) numerically by using the Runge-Kutta fourth-order procedure. Actual experimental parameters [ 161 wherever applicable ere adopted. To summarize briefly, the laser diode chip uas Table I ) used in the equations are taken from the literature [ 111, [22] , as experimental values are not available. In the numerical calculation, the laser diode chip with ld = 250 pm is spatially divided into a grid with a typical spacing of 83.33 pm. For each time step, new values of electron density and the two counter propagating photon fluxes are calculated for each point within the laser diode.
RESULTS AND DISCUSSIONS
Calculated time dependence of the steady-state photon and carrier densities over one period of the modulation signal are shown in Fig. 2 . The dc and RF current densities (Jdc = 0.9 J t h and J, = 0.38 Jth) are experimental parameters required for the generation of the shortest single pulses. We find that the carrier density lags the sinusoidal current density by a phase delay of 0.55 rad. It can also be seen that the carrier density is abruptly saturated to a value below threshold right after the peak of the optical pulse. The steady-state pulse width (FWHM) is x45 ps, assuming a Gaussian pulse shape.
'
The corresponding autocorrelation trace is in good agreement with the experimental data which are both shown in the inset of Fig. 3(a) .
A . Evolution of Pulse Width and Spectrum
In Fig. 3(a) , we present numerical results for the transient pulse widths of the actively mode-locked external-cavity laser diode array as a function of delay time. Zero delay time corresponds to the onset of diode laser action. The results are in good agreement with our experimental observations [16] . Qualitatively, the buildup can be described as follows: The primary pulse-shortening force for this laser is gain saturation. Since the dc bias was below the threshold, initially there was only spontaneous emission inside the cavity. After the modulation signal was tumed on, a train of weakly modulated optical pulses would appear. As these weak pulses circulated inside the cavity, the central regions of the pulses would experience more gain than their wings. As a result, the pulse shape sharpened as the pulse train evolved to the steady state. During the first 15 to 20 round-trips, the pulse width shortened quickly due to rapid gain saturation and approached the steady state in approximately 45 round-trips.
Experimental data and calculated results of the bandwidth, AA, of the pulse spectrum as a function of the delay time is shown in Fig. 3(b) . It can be seen that AA narrowed quickly during the initial stage of the buildup (x40 ns or 15 to 20 round-trips) and reached the steady state also in approximately 100 ns or 45 round-trips. The steady-state spectrum is shown in the inset. The spacing of the clusters of longitudinal modes is x0.3 nm, corresponding to a chip length of 250 pm with a group velocity, wg x d4.3. This can be explained by the following: During the initial stage of the pulse formation, several diode chip modes would lase. These unlocked modes translated into random and fast fluctuations in time and longer pulse durations. After a few round-trips, the pulses shapes monotonously shortened and cleaned up. At the same time, the number of clusters in the spectrum would also decrease owing to the effect of competition among the clusters in a primarily homogeneously broadened medium. Finally, the pulses approached the steady state with the energy of the entire pulse distributed among a few clusters of the longitudinal modes of the chip cavity near the line center. As the pulses shorten, we also expect the bandwidth of each of the clusters to broaden. These could not be confirmed at this time, however, due to the resolution limit of the experiment.
B . Parametric Study of the Buildup
The transient pulse width characteristics of the mode-locked laser are found to vary with the laser parameters, e.g., the dc bias current ( I d c ) , rf modulation current (I,,,), spontaneous emission factor (K), gain coefficient (G), radiative recombination coefficient (B), output-mirror power reflectivity (R), and the power reflectivity of the ARcoated front facet of the laser diode chip (Ra). The effects of these parameters on pulse buildup dynamics are investigated theoretically by changing one of the laser parameters while keeping the others constant to find out the effect of each of the parameters on the pulse . This delay corresponds, for our laser, to an early stage in the pulse evolution process at which the pulse width shortens rapidly (see Fig. 3(a) ).
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I ) DC biased Current:
The effect of changing the dc bias current on the steady-state pulse width, T~, , , and the buildup time, &?buildup, are illustrated in Fig. 4(a) (111) in Fig. 4 (a) and marked with dashed vertical line in Fig. 4(a) ), the durations of the first peak of the multi-pulse waveforms are shown. The steady-state pulse width varies little in these regimes while the buildup time reduces slightly. The dc bias current dependence of the pulse width can be explained as follows: As the dc bias current is increased, the carrier inversion as well as the level of gain saturation will be elevated. As a result, the laser exhibits a shorter pulse width. The strong gain saturation of the leading edge of the pulse also moves the pulse to the earlier part of the modulation period. For a current waveform with relatively long duration, such as the case for our laser, the active medium therefore will still have enough gain for generating the second and third pulse. The buildup behavior can be understood by analyzing the normalized pulse shortening speed, Cps , as a function of the dc bias current. This is shown in Fig. 4(b) . We find that CPs monotonously increases as the dc bias current increases. This trend can also be attributed to the effect of gain saturation. For Idc 2 0.88 I t h , since the steady-state pulse width of the laser only changes slightly as I& varies, faster C , , means that the initial rapidly varying portion of the buildup (see Fig. 3(a) ) is shorter at higher I&. As a result, evolution from noise burst to essentially the same steady state pulse width takes less time.
For Idc < 0.88 I t h , however, gain is saturated to a lesser degree. The pulse shortening speeds are relatively small and not significantly different as I& varies. It simply takes less time for the mode-locked laser to evolve, if the steady-state pulse pulse width is broader.
2 ) RF Modulation Current: Both the steady-state pulse uidth and the buildup time as a function of the RF modulation current are shown in Fig. 5(a) . The steady-state pulse width monotonously decreases as the RF modulation current is increased from 0.31 to 0.5 I t h . The buildup time to the steady stare is also shortened from 67 to 42 round-trips. The general trend is similar to that predicted for the dependence of the pulse width on Idc. The effect of increasing the RF modulation current on shortening of the pulse width and the buildup time can also be attributed to higher level of gain saturation. Our results are consistent with calculated dependence of the steady-state pulse width dependence on I,,, by Bowers er al.
[131.
In Fig. 5(b) , we show that for ~5 0 % change in the RF modulation current, the pulse shortening speed. C .,, . increases less than three times. In comparison. for less than 20% change in I d c , the corresponding change in CPs is 17 fold (see Fig. 4(b) ). Thus the RF modulation current has a smaller effect on the buildup time and the steady-state pulse width than the dc bias current. Therefore, to ensure that an actively mode-locked semiconductor laser generates the shortest possible optical pulse width or fastest buildup, one must adjust the dc bias current more carefully than the RF modulation current.
3 ) Radiative Recombination Coefficient: In Fig. 6(a) . we display both the steady-state pulse width and the buildup time as a function of the radiative recombination coefficient. B. or the inverse of the carrier (upper state) life time, 7 = 1/BS. It is apparent from this figure that the steady-state pulse width rapidly shortens from 2320 ps to 280 ps as B increases from 3.4 x loe1' to 4 x lo-'' cm3 s-l and then decreases more slowly to ~2 . 5 ps as the B coefficient increases from 4 x lo-'" up to 7 xlO-'' cm3 s-I. The buildup time versus B c u n e exhibits a broad peak at 4 x cm3 s-'. The normalized pulse shortening speed. CPs, however, monotonously increaser with the radiative recombination coefficient. as shown in Fig. 6(b) . These trends can be qualitatively described ay follows: For an actively mode-locked semiconductor l a s r in an extemal cavity. the repetition rate of the laser pulss train is fixed by keeping the extemal cavity length a consrant. 
, j Because of the high level of gain saturation, the carrier density of the diode laser will be periodically bumt up and depleted down to the threshold in each round-trip of the optical pulse (as shown in Fig. 2) . In order to sustain the mode locked pulse train, the inversion of carriers should be sufficiently recovered for the next round-trip for pulse amplification. If the laser diode exhibits a shorter carrier lifetime, corresponding to a larger B coefficient, the higher degree of recovery of the inversion will allow the next pulse to sufficiently saturate the gain. As a result, the higher the B coefficient, the shorter we expect the steady-state pulse width to be. The buildup time, on the other hand, depends both on the pulse shortening speed and the steady-state pulse width. The latter is determined by the balance of pulse shortening and broadening forces in the steady state. This picture is consistent with previous experiments [ 1]- [8] in which the laser medium with the shorter excited-state lifetime are found to exhibit a shorter buildup time. Although the laser systems investigated in these studies employed different types of mode locking schemes, the order of magnitudes of the reported buildup times follows the trend predicted above. While we predict that higher radiative recombination coefficient or shorter carrier lifetime corresponds to faster evolution, this is valid only if the repetition period of the pulse train is larger than or comparable to the carrier lifetime. If the pulses get much shorter than the recombination time, chirping and dispersion effects are significant. The dependence of buildup dynamics on B coefficient might not be straightforward as predicted here. For a threshold carrier density of 1.36 ~1 0~' cm3, the range of B coefficients from 4 ~1 0 -l~ to 7 x10-l' cm3 s-l corresponds to carrier lifetimes between 1.84 and 1.05 ns. These carrier lifetimes are slightly shorter than the repetition period of the pulse train used in this study (2.309 ns). This explains why the pulse width varies little with the B coefficient over this range (as shown in Fig. 6(a) ). For B 5 4 x the buildup time is dominated by the effect of evolution of a broader steady-state pulse.
For B > 4 x on the inverse-slope of the curve, the buildup time is dominated by the initial rapidly shortening of the pulses. This is analogous to the behavior predicted for the dc bias current dependence.
)
Gain Coefficient: Because gain saturation is the primary pulse shortening force in an actively mode-locked laser diode array, we expect laser structure with higher gain coefficients will generate shorter optical pulses. This effect is illustrated in Fig. 7(a) . The calculated pulse width gradually shortens from 58 to 35 ps as the gain coefficient is increased from 3 x lop6 to 7 x cm3 s-l. In practice, there are several methods one can use to realize variation of the gain coefficient in this range, e.g., operating the laser diode at low temperature [23], GaInAsP lasers with p-type doped active region [24], or by using lower dimensional quantum structures [25] . The essentially linear gain coefficient dependence of the normalized pulse shortening speed is shown in Fig. 7(b) . In this range, since the variation of the steady-state pulse widths is quite small, the pulse buildup time is dominated by the pulse shortening speed. As a result, the buildup time is also expected to decrease linearly with increasing gain coefficients.
) Spontaneous Emission Factor:
The spontaneous emission factor can have a large range of possible values depending on the size and structure of the semiconductor laser. The curves in Fig. 8(a) shows how the steady-state pulse width and buildup time are expected to vary with the spontaneous emission factor. It is found that the change of the pulse width is small if the spontaneous emission factor is in the range from As the spontaneous emission factor is increased beyond lop5, a dramatically larger steady-state pulse width is observed. This is due to the fact that increasing amount of spontaneous emission entering the lasing longitudinal modes will prevent the formation of a shorter optical pulse. The magnitude of spontaneous emission factor has little effect on the pulse shortening speed over a wide range of K from lo-' to For K > CPs monotonously decreases. This is shown in Fig. 8(b) . As a result, for lasers with larger K coefficients, we predict broader steady-state pulse widths and correspondingly shorter buildup time.
) Power Reflectivities of the Output Mirror and the
AR-Coated Facet:
We have also studied the steady-state pulse width, temporal buildup time, and pulse shortening speed as a function of the power reflectivity of the output mirror, R, respectively. It is found that both T~~ and ATbuildup versus R curves (not shown) are nearly independent of the changes in R. This implies that the buildup dynamics of an actively mode-locked laser diode array in an extemal cavity is not significantly affected by the magnitude of the intra cavit!. energy. By increasing the magnitudes of the power reflectivity of the AR-coated facet, R,, from to lop2, we also find that the temporal evolution characteristics of the laser is nearly invariant for R, in this range.
IV. SUMMARY
An approximate theoretical analysis, based on modified traveling-wave rate equations for a single-stripe laser diode. has been developed to analyze the pulse buildup dynamics of an actively mode-locked semiconductor laser diode array in an extemal cavity. Good agreements with experimental observations are found for both transient and steady-state pulse width and spectral characteristics. We have also performed numerical simulation of the effects of various laser operating parameters on the pulse buildup. The parameters studied include the dc bias current, RF modulation current, radiative recombination coefficient, gain coefficient, spontaneous emission factor. output-mirror power reflectivity, and the antireflectioncoated power reflectivity. We conclude that the dc bias current (or the pumping power) and the radiative recombination coefficient (or the upper state lifetime) are the dominant parameters affecting the buildup dynamics. The dependence are nonlinear. because of the saturation characteristics of the laser. The changes in the power reflectivities of the output mirror and the AR-coated facet of the diode chip have little effect on the temporal evolution characteristics, how.ever. We expect the predicted trend to be valid if the active medium is a 1161 J.-c. Kuo, C.-S. Chang, and C.-L. Pan, "Buildup of steady-state pisingle-stripe diode chip.
